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Sodium void reactivity effect (SVRE)  

Impact on the SVRE: 
 
The impact of the elastic SAD on the SVRE was investigated with MASURCA and ZPPR integral 
experiments. The calculations were performed with the deterministic code ERANOS 
 
Those calculations were carried out using 3 different Na23 elastic scattering angular distributions: 

SAD with fluctuations 

SAD with a smooth fit of the a1 
coefficient 

SAD without fluctuations 
(calculated by Optical Model) 
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ENDF/B Nuclear Data Library

IntroductionAbstract
Elastic neutron scattering is one of many possibilities when a neutron collides 
with an isotope. The reaction cross-section is the target area that the neutron 
experiences upon collision of a target. Upon impact, the neutron will conserve its 
energy, and it has the potential to be scattered in any possible direction. At a given 
angle, the probability of scattering can be defined as the scattering angular 
distribution, represented as ! " #) in the equation: %&%' = &

)*	!("|#). It depends 
on the cross-section, σ, and a differential cross section as a function of solid angle 
Ω [4]. These calculations have been thoroughly studied by Noguerre et al. [7], and 
Kawano and Brown [8]. Knowing these values for particular isotopes is of critical 
importance of the design of nuclear systems (reactors, radiation detectors, 
weapons). A powerful core made of uranium and/or plutonium generates an 
immense amount of energy, which allows neutrons to travel all over the system. 
Layers of elements surround the core in an effort to contain and scatter the 
neutrons produced from the reaction, yet neutrons will escape the system 
regardless of the layer material (see Figure 1). The ENDF/B library, managed by 
BNL’s National Nuclear Data Center, offers the data necessary to account for and 
model the neutron leakage, ensuring safe operation of nuclear systems [3]. 
Currently in beta testing, the anticipated ENDF/B VIII.0 will be the United States’ 
leading source of nuclear data. In this project, I plotted angular distributions and 
cross sections of scattered neutrons from the ENDF/B library against the incident 
energies of the neutron using a plotting package built into FUDGE, a processing 
code developed by Lawrence Livermore National Laboratory [1]. Angular 
distributions contained resonance structure that manifests as fluctuations of angle 
and energy in the distribution function (see Figure 2). FUDGE also reconstructed 
resonances in different energy levels, namely the resolved and unresolved 
resonance regions, using a combination of R-matrix theory and the Blatt-
Biedenharn formalism. The resulting distributions were smoothed in energy and 
compared to results from Hauser-Feshbach calculations already present in the 
ENDF/B files. Because the resonance parameters in the files were based on 
experiment, the experimental smoothed distributions should have matched the 
Hauser-Feshbach smoothed distribution. We aimed to test this assertion and 
provide other isotope-based checks on ENDF/B angular distributions.

Justin Vega, HSRP, The Wheatley School 
David Brown, National Nuclear Data Center at Brookhaven National Laboratory

Nuclear reactors function by controlling the chain reaction of fission events in a 
fissile material. Understanding the gain and loss of neutrons is crucial for 
controlling this chain reaction. The role of fission in liberating neutrons from 
nuclei is well known. The fact that neutrons can scatter out of a reactor and 
therefore be lost is less well appreciated. Scattering can happen within fissile fuel 
or off of any number of the non-fissile structural components holding a reactor 
together. The scattering angular distributions for reactor material are the 
quantity that give the probability for a particle (usually a neutron) to scatter off a 
nucleus into a given angle. The Evaluated Nuclear Data File/B (ENDF/B) nuclear 
data library is the most complete and authoritative reference for neutron 
scattering data, containing reaction cross sections and outgoing particle 
distributions (including scattering angular distributions). In this project, we will 
compare the scattering angular distributions given in these ENDF/B data sets 
with those that can be derived using the Blatt-Biedenharn formalism and the 
resolved resonance data also in the ENDF/B files. More comparisons between the 
scattering angular distributions of relevant isotopes will help identify and correct 
any errors in the ENDF/B files. The results of this study will be an important 
component of the next major release of the ENDF/B library. 

Acknowledgements
First and foremost, I would like to personally thank my mentor, David Brown, for giving me an in-depth experience into the world of nuclear physics and for taking the time to 
answer my numerous questions. Additionally, I extend my thanks to the Office of Educational Programs and the Department of Energy for allowing me this tremendous 
opportunity at BNL. Thank you to all of those in the Nuclear Science & Technology Building and all the interns I have connected with over the course of my time at BNL. A 
sincere thank you goes to my science research teacher, Mrs. Blondrage, and my physics teacher, Mr. Plana, for recommending me into this program. Last but not least, I have 
all the gratitude in the world for the Kumar family and my mother, Maria Vega, for dealing with the commute every single day.

Methods

Figure 3
Comparison of L=1 moments for ENDF/B Zirconium isotopes

Figure 1
Scattering neutrons in a critical assembly (low-

power nuclear system) represented as arrows 
originating from the PU-MET-FAST-040 core [5]

Figure 2
Reconstructed angular distribution vs. original angular 

distribution in the ENDF/B File for 90Zr

Results
With the plots of all evaluated elements, we were able to identify isotopes as a test case 
to compute the function difference between the Hauser-Feshbach smoothing and the 
experimental angular distribution. 90Zr proved to be an excellent case for demonstrating 
the impact of smoothing the distribution at different energy resolutions (see Figure 5). 
We prepared reconstructed resonances of 90Zr at different energy resolutions and 
compared them against those of the original ENDF/B files. I computed the function 
differences between the two distributions using the equation in Figure 5. From the 
graph, the differences followed a decreasing trend, showing that the two angular 
distributions were approaching 0, or near equal values as the energy of the system 
increased. This result further validated the Hauser-Feshbach theory for smoothed 
angular distributions from experimental data. Additionally, because of the organized 
plots, we discovered inconsistencies in the ENDF/B files. For example, the angular 
distributions for Beryllium were formatted incorrectly, and duplicate Legendre 
coefficients were repeated in each isotope in Silicon and Chromium.

Figure 5
The function difference between Hauser-Feshbach and ENDF/B angular 

distribution smoothing. The decreasing trend demonstrated that the experimental 
derived ENDF/B distribution approaches the Hauser-Feshbach distribution.

Figure 4
Comparison of L=1 moments for reconstructed Zirconium isotopes

I compared scattering angular distributions from ENDF/B files against distributions 
reconstructed from resonance parameters for 426 different isotopes. The plots 
showed compared angular distributions in terms of Legendre coefficients 
(moments) [9] L = 1 to L = 6 as a function of the incident energy of the neutron (see 
Figure 2). To identify errors and compare Legendre moments, I also analyzed 
Legendre moments of order 1 between isotopes of the same element for each of the 
426 isotopes (see Figure 3). I developed Python scripts to automate the synthesis of 
all the reconstructed distributions and their plots onto an HTML web page. The 
HTML page displayed the plots of each element and evaluated isotopes on a single 
page (see Figure 4). We reviewed the generated plots and decided 90Zr was a optimal 
candidate for the function difference test between smoothed and Hauser-Feshbach 
theory angular distributions. I reconstructed angular distributions for 90Zr at 
different energy bins, and we applied the Legendre transformation to map 
Legendre moments to familiar x-y coordinate pairs to plot. I computed summations 
of the differences at different levels of smoothing and recorded their values.

Function difference:

FIG. 1. Scattering neutrons in a critical assembly (low-
power nuclear system) represented as arrows originating from
the PU-MET-FAST-040 core [2]

I. INTRODUCTION

When a neutron collides with an atomic nucleus, elas-
tic scattering is one of many possible outcomes. Upon
impact in an elastic scattering event, the neutron may
scatter in any possible direction but conserves its energy.
The probability of scattering into a given angle we refer
to as the scattering angular distribution and we represent
the scattering angular distribution as P (µ|E). Here the
scattering cosine is µ = cos ✓.

Many nuclear systems are quite sensitive to the scatter-
ing angular distribution, particularly small systems where
neutron leakage place a major role [1]. Such systems in-
clude compact reactors, such as space reactors, and crit-
ical assemblies, small zero power reactors that play an
important role in data testing (see e.g. Fig. 1).

The Evaluated Nuclear Data File/B (ENDF/B) li-
brary, managed by the National Nuclear Data Center
at Brookhaven National Laboratory, provides the scat-
tering angular distributions for every stable isotope from
1H to 255Fm [3]. At the time of writing, the anticipated
ENDF/B VIII.0 is in beta testing and the current re-
lease for testing is ENDF/B VIII.0�4. When finalized,
ENDF/B VIII.0 will be the United States’ major source
of nuclear reaction and decay data.

In this project, we compared the scattering angular
distributions of scattered neutrons from two related but
distinct sources in the ENDF/B library. The double dif-
ferential scattering cross section is d�(E)/dE0d⌦. For
elastic scattering, the outgoing energy E0 is determined
from kinematics [4] so

d�(E)

dE0d⌦
= �(E0 � E0(µ,E))

d�(E)

2⇡dµ
(1)

where we have aligned the ẑ-axis with the incoming neu-
tron momentum vector. The d�(E)/dµ cross section is
given in the ENDF files as the product of the total elastic

cross section and the scattering angular distribution:

d�(E)

dµ
= �(E)P (µ|E). (2)

The scattering angular distribution and the elastic cross
section can also be computed directly from R-matrix pa-
rameters given in the ENDF file [4].

This comparison is interesting from a scientific stand-
point as well as a technological one. The angular distribu-
tions in the ENDF files are computed using a combination
of Hauser-Feshbach theory and the Optical Model in a
code such as EMPIRE [5] and should represent the energy
averaged scattering angular distribution. The scattering
angular distribution can also be computed directly from
the R-matrix parameters available in the ENDF files.
In this case, the scattering angular distribution contains
sizeable fluctuations consistent with the detailed resonant
structure in the cross sections. These resonances are the
result of the incident neutron capturing into a compound
nuclear state which subsequently decays with a charac-
teristic lifetime ⇠ ~c/� where � is the resonance width
[6].

The structure of this report is as follows. We first
describe in more detail how we compute and compare
the scattering angular distributions. Next we examine
whether, in an ideal case, the energy averaging of a de-
tailed scattering angular distribution with fluctuations
derived from the R-matrix does agree with a Hauser-
Feshbach derived scattering angular distribution upon
energy averaging. Following this we examine a several
of isotopes in detail, namely:

• light nuclei where R-matrix is used, but the data
are stored as pointwise; in this case we compute
Legendre moment data from data tables

• spherical, closed shell nuclei with low level density
and resonances extending to higher energy

• mid-shell nuclei with high level density where res-
onances and fluctuations die out at a much lower
energy

We conclude with an outlook for the ENDF library. Fi-
nally, we provide plots of each scattering angular distri-
bution we could reconstruct from the ENDF/B VIII.0�4
neutron sublibrary.

II. SCATTERING ANGULAR DISTRIBUTIONS

The scattering angular distribution P (µ|E) is a func-
tion of two variables, making the direct comparison of
two distributions di�cult. Therefore, we make our com-
parisons using Legendre moment expansions of P (µ|E):

P (µ|E) =
NLX

L=0

2

2L+ 1
aL(E)PL(µ) (3)
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Impact on the SVRE (ZPPR-10A benchmark): 
 
Significant improvement of the C-E results by using SAD calculated by optical model + fit of a1 
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Two-body angular distributions are 
calculable, analytically, using Blatt-
Beidenharn formalism
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and the compound nuclear reaction part is associated
with the energy averaged fluctuating part:
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Although we formulate these the following results in
terms of the T-matrix, the transition to the on-shell S-
matrix is relatively straightforward. The S-matrix is

S
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Note, that we write our Z in the notation of Fröhner which incorporates the time-reversal phase convention correction
of Lane and Thomas (and others) [2] from Blatt and Biedenharn’s original definition in [5].
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is slightly di↵erent)

d�

a!b

d⌦
b

=

✓
2⇡

~

◆4

µ

a

µ

b

k

b

k

a

1

2I
x

+ 1

1

2I
A

+ 1

1X

L=0

B

L

(b, a;E
a

)P
L

(µ) (15)

and

B

L

(b, a;E
a

) =
X

S

a

,S

b

(�)Sb

�S

a

4

X

J`

a

`

b

X

J

0
`

0
a

`

0
b

Z̄(`
a

J`

0
a

J

0;S
a

L)Z̄(`
b

J`

0
b

J

0;S
b

L)<
h
T

J⇤
{a;`

a

S

a

}!{b;`
b

S

b

}T
J

0

{a;`0
a

S

a

}!{b;`0
b

S

b

}

i
.

(16)

Here they used the fact that ~k
a
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Note, that we write our Z in the notation of Fröhner which incorporates the time-reversal phase convention correction
of Lane and Thomas (and others) [2] from Blatt and Biedenharn’s original definition in [5].§ It’s ugly, but well understood.

§ Implemented in FUDGE, EMPIRE, CoH, SAMMY, AMPX, 
NJOY, ....



63Cu (65Cu is similar)

§ Smoothed distribution in excellent agreement with 
reconstructed distribution. – is actually no surprise: 
FUDGE & SAMMY used these data to validate against 
each other

Scattering Angular Distributions . . . D.A. Brown et al.

63Cu

FIG. 137. The elastic scattering cross section for 63Cu.

(a) L = 1 moment (b) L = 2 moment

(c) L = 3 moment (d) L = 4 moment

(e) L = 5 moment (f) L = 6 moment

FIG. 138. Comparison of Legendre moments in the original evaluation for 63Cu (orange) and reconstructed from the resonance
region (blue).
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Justin Vega’s project
§ BNL’s High School Research Program
§ Final report is huge, available upon request.  

Report number BNL-114446-2017-IR

§ The project:
• Test that energy 

average SAD 
approaches HF SAD

• Check all SAD in 
ENDF/B-VIII.0 beta3

sister   mom      Justin     proud 
mentor



Demonstration that RRR angular 
distributions and HF angular 
distributions are consistent



Zr isotopes are 
our testbed

Scattering Angular Distributions . . . D.A. Brown et al.
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Scattering Angular Distributions in the 
ENDF/B Nuclear Data Library

IntroductionAbstract
Elastic neutron scattering is one of many possibilities when a neutron collides 
with an isotope. The reaction cross-section is the target area that the neutron 
experiences upon collision of a target. Upon impact, the neutron will conserve its 
energy, and it has the potential to be scattered in any possible direction. At a given 
angle, the probability of scattering can be defined as the scattering angular 
distribution, represented as ! " #) in the equation: %&%' = &

)*	!("|#). It depends 
on the cross-section, σ, and a differential cross section as a function of solid angle 
Ω [4]. These calculations have been thoroughly studied by Noguerre et al. [7], and 
Kawano and Brown [8]. Knowing these values for particular isotopes is of critical 
importance of the design of nuclear systems (reactors, radiation detectors, 
weapons). A powerful core made of uranium and/or plutonium generates an 
immense amount of energy, which allows neutrons to travel all over the system. 
Layers of elements surround the core in an effort to contain and scatter the 
neutrons produced from the reaction, yet neutrons will escape the system 
regardless of the layer material (see Figure 1). The ENDF/B library, managed by 
BNL’s National Nuclear Data Center, offers the data necessary to account for and 
model the neutron leakage, ensuring safe operation of nuclear systems [3]. 
Currently in beta testing, the anticipated ENDF/B VIII.0 will be the United States’ 
leading source of nuclear data. In this project, I plotted angular distributions and 
cross sections of scattered neutrons from the ENDF/B library against the incident 
energies of the neutron using a plotting package built into FUDGE, a processing 
code developed by Lawrence Livermore National Laboratory [1]. Angular 
distributions contained resonance structure that manifests as fluctuations of angle 
and energy in the distribution function (see Figure 2). FUDGE also reconstructed 
resonances in different energy levels, namely the resolved and unresolved 
resonance regions, using a combination of R-matrix theory and the Blatt-
Biedenharn formalism. The resulting distributions were smoothed in energy and 
compared to results from Hauser-Feshbach calculations already present in the 
ENDF/B files. Because the resonance parameters in the files were based on 
experiment, the experimental smoothed distributions should have matched the 
Hauser-Feshbach smoothed distribution. We aimed to test this assertion and 
provide other isotope-based checks on ENDF/B angular distributions.

Justin Vega, HSRP, The Wheatley School 
David Brown, National Nuclear Data Center at Brookhaven National Laboratory

Nuclear reactors function by controlling the chain reaction of fission events in a 
fissile material. Understanding the gain and loss of neutrons is crucial for 
controlling this chain reaction. The role of fission in liberating neutrons from 
nuclei is well known. The fact that neutrons can scatter out of a reactor and 
therefore be lost is less well appreciated. Scattering can happen within fissile fuel 
or off of any number of the non-fissile structural components holding a reactor 
together. The scattering angular distributions for reactor material are the 
quantity that give the probability for a particle (usually a neutron) to scatter off a 
nucleus into a given angle. The Evaluated Nuclear Data File/B (ENDF/B) nuclear 
data library is the most complete and authoritative reference for neutron 
scattering data, containing reaction cross sections and outgoing particle 
distributions (including scattering angular distributions). In this project, we will 
compare the scattering angular distributions given in these ENDF/B data sets 
with those that can be derived using the Blatt-Biedenharn formalism and the 
resolved resonance data also in the ENDF/B files. More comparisons between the 
scattering angular distributions of relevant isotopes will help identify and correct 
any errors in the ENDF/B files. The results of this study will be an important 
component of the next major release of the ENDF/B library. 
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Methods

Figure 3
Comparison of L=1 moments for ENDF/B Zirconium isotopes

Figure 1
Scattering neutrons in a critical assembly (low-

power nuclear system) represented as arrows 
originating from the PU-MET-FAST-040 core [5]

Figure 2
Reconstructed angular distribution vs. original angular 

distribution in the ENDF/B File for 90Zr

Results
With the plots of all evaluated elements, we were able to identify isotopes as a test case 
to compute the function difference between the Hauser-Feshbach smoothing and the 
experimental angular distribution. 90Zr proved to be an excellent case for demonstrating 
the impact of smoothing the distribution at different energy resolutions (see Figure 5). 
We prepared reconstructed resonances of 90Zr at different energy resolutions and 
compared them against those of the original ENDF/B files. I computed the function 
differences between the two distributions using the equation in Figure 5. From the 
graph, the differences followed a decreasing trend, showing that the two angular 
distributions were approaching 0, or near equal values as the energy of the system 
increased. This result further validated the Hauser-Feshbach theory for smoothed 
angular distributions from experimental data. Additionally, because of the organized 
plots, we discovered inconsistencies in the ENDF/B files. For example, the angular 
distributions for Beryllium were formatted incorrectly, and duplicate Legendre 
coefficients were repeated in each isotope in Silicon and Chromium.
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I compared scattering angular distributions from ENDF/B files against distributions 
reconstructed from resonance parameters for 426 different isotopes. The plots 
showed compared angular distributions in terms of Legendre coefficients 
(moments) [9] L = 1 to L = 6 as a function of the incident energy of the neutron (see 
Figure 2). To identify errors and compare Legendre moments, I also analyzed 
Legendre moments of order 1 between isotopes of the same element for each of the 
426 isotopes (see Figure 3). I developed Python scripts to automate the synthesis of 
all the reconstructed distributions and their plots onto an HTML web page. The 
HTML page displayed the plots of each element and evaluated isotopes on a single 
page (see Figure 4). We reviewed the generated plots and decided 90Zr was a optimal 
candidate for the function difference test between smoothed and Hauser-Feshbach 
theory angular distributions. I reconstructed angular distributions for 90Zr at 
different energy bins, and we applied the Legendre transformation to map 
Legendre moments to familiar x-y coordinate pairs to plot. I computed summations 
of the differences at different levels of smoothing and recorded their values.

Function difference:

FIG. 2. Comparison of L = 1 moments for all stable Zirco-
nium isotopes, as found in the ENDF files. These distributions
are computed from a reaction model (CCONE [7]) as noted
in each evaluation’s documentation.

where PL(µ) is the Lth Legendre polynomial. As
PL=0(µ) = 1/2, aL=0 = 1 ensures the proper normal-
ization of P (µ|E). In the ENDF files, the angular distri-
butions are usually stored directly as these Legendre mo-
ments aL(E). Occasionally the angular distributions are
given as tables of {E, µ, P (µ|E)} triplets. In this case,
we must invert Eq. (3) to obtain aL(E). This is most
common in the evaluations for light isotopes. A typical
example of the angular distributions we find in the ENDF
files are shown in Fig. 2.

R-matrix theory provides the complete and exact de-
scription of cross sections and angular distributions for
two-body reactions (such as elastic scattering) [8], pro-
vided one has the appropriate resonance parameters. In
practice, these parameters are computable only in a few
special cases from the underlying nuclear force models
and therefore must be determined empirically by fitting
experimental data. The fitted resonance parameters are
stored in an ENDF file’s MF=2, MT=151 file using one
of four di↵erent formats, roughly corresponding to well
known approximations of R-matrix theory as described
in Refs. [4, 9]. The scattering angular distributions
can be computed from these parameters using the Blatt-
Beidenharn formalism [10, 11]. We comment that the
ENDF format manual currently states that [4] only some
formats can be safely used to compute scattering angular
distributions, but as pointed out in Ref. [12], every ap-
proximation used in ENDF other than the Single Level
Breit-Wigner approximation supports the calculation of
angular distributions. Figure 3 shows a typical case of
reconstructed angular distributions, reconstructed using
the FUDGE processing code [13].

III. EFFECTS OF ENERGY AVERAGING

As noted above, R-matrix provides a complete theory
of two-body reactions from which all observables (cross
sections, scattering angular distributions, etc.) may be
computed, provided one has the resonance parameters.
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IntroductionAbstract
Elastic neutron scattering is one of many possibilities when a neutron collides 
with an isotope. The reaction cross-section is the target area that the neutron 
experiences upon collision of a target. Upon impact, the neutron will conserve its 
energy, and it has the potential to be scattered in any possible direction. At a given 
angle, the probability of scattering can be defined as the scattering angular 
distribution, represented as ! " #) in the equation: %&%' = &

)*	!("|#). It depends 
on the cross-section, σ, and a differential cross section as a function of solid angle 
Ω [4]. These calculations have been thoroughly studied by Noguerre et al. [7], and 
Kawano and Brown [8]. Knowing these values for particular isotopes is of critical 
importance of the design of nuclear systems (reactors, radiation detectors, 
weapons). A powerful core made of uranium and/or plutonium generates an 
immense amount of energy, which allows neutrons to travel all over the system. 
Layers of elements surround the core in an effort to contain and scatter the 
neutrons produced from the reaction, yet neutrons will escape the system 
regardless of the layer material (see Figure 1). The ENDF/B library, managed by 
BNL’s National Nuclear Data Center, offers the data necessary to account for and 
model the neutron leakage, ensuring safe operation of nuclear systems [3]. 
Currently in beta testing, the anticipated ENDF/B VIII.0 will be the United States’ 
leading source of nuclear data. In this project, I plotted angular distributions and 
cross sections of scattered neutrons from the ENDF/B library against the incident 
energies of the neutron using a plotting package built into FUDGE, a processing 
code developed by Lawrence Livermore National Laboratory [1]. Angular 
distributions contained resonance structure that manifests as fluctuations of angle 
and energy in the distribution function (see Figure 2). FUDGE also reconstructed 
resonances in different energy levels, namely the resolved and unresolved 
resonance regions, using a combination of R-matrix theory and the Blatt-
Biedenharn formalism. The resulting distributions were smoothed in energy and 
compared to results from Hauser-Feshbach calculations already present in the 
ENDF/B files. Because the resonance parameters in the files were based on 
experiment, the experimental smoothed distributions should have matched the 
Hauser-Feshbach smoothed distribution. We aimed to test this assertion and 
provide other isotope-based checks on ENDF/B angular distributions.

Justin Vega, HSRP, The Wheatley School 
David Brown, National Nuclear Data Center at Brookhaven National Laboratory

Nuclear reactors function by controlling the chain reaction of fission events in a 
fissile material. Understanding the gain and loss of neutrons is crucial for 
controlling this chain reaction. The role of fission in liberating neutrons from 
nuclei is well known. The fact that neutrons can scatter out of a reactor and 
therefore be lost is less well appreciated. Scattering can happen within fissile fuel 
or off of any number of the non-fissile structural components holding a reactor 
together. The scattering angular distributions for reactor material are the 
quantity that give the probability for a particle (usually a neutron) to scatter off a 
nucleus into a given angle. The Evaluated Nuclear Data File/B (ENDF/B) nuclear 
data library is the most complete and authoritative reference for neutron 
scattering data, containing reaction cross sections and outgoing particle 
distributions (including scattering angular distributions). In this project, we will 
compare the scattering angular distributions given in these ENDF/B data sets 
with those that can be derived using the Blatt-Biedenharn formalism and the 
resolved resonance data also in the ENDF/B files. More comparisons between the 
scattering angular distributions of relevant isotopes will help identify and correct 
any errors in the ENDF/B files. The results of this study will be an important 
component of the next major release of the ENDF/B library. 

Acknowledgements
First and foremost, I would like to personally thank my mentor, David Brown, for giving me an in-depth experience into the world of nuclear physics and for taking the time to 
answer my numerous questions. Additionally, I extend my thanks to the Office of Educational Programs and the Department of Energy for allowing me this tremendous 
opportunity at BNL. Thank you to all of those in the Nuclear Science & Technology Building and all the interns I have connected with over the course of my time at BNL. A 
sincere thank you goes to my science research teacher, Mrs. Blondrage, and my physics teacher, Mr. Plana, for recommending me into this program. Last but not least, I have 
all the gratitude in the world for the Kumar family and my mother, Maria Vega, for dealing with the commute every single day.

Methods

Figure 3
Comparison of L=1 moments for ENDF/B Zirconium isotopes

Figure 1
Scattering neutrons in a critical assembly (low-

power nuclear system) represented as arrows 
originating from the PU-MET-FAST-040 core [5]

Figure 2
Reconstructed angular distribution vs. original angular 

distribution in the ENDF/B File for 90Zr

Results
With the plots of all evaluated elements, we were able to identify isotopes as a test case 
to compute the function difference between the Hauser-Feshbach smoothing and the 
experimental angular distribution. 90Zr proved to be an excellent case for demonstrating 
the impact of smoothing the distribution at different energy resolutions (see Figure 5). 
We prepared reconstructed resonances of 90Zr at different energy resolutions and 
compared them against those of the original ENDF/B files. I computed the function 
differences between the two distributions using the equation in Figure 5. From the 
graph, the differences followed a decreasing trend, showing that the two angular 
distributions were approaching 0, or near equal values as the energy of the system 
increased. This result further validated the Hauser-Feshbach theory for smoothed 
angular distributions from experimental data. Additionally, because of the organized 
plots, we discovered inconsistencies in the ENDF/B files. For example, the angular 
distributions for Beryllium were formatted incorrectly, and duplicate Legendre 
coefficients were repeated in each isotope in Silicon and Chromium.

Figure 5
The function difference between Hauser-Feshbach and ENDF/B angular 

distribution smoothing. The decreasing trend demonstrated that the experimental 
derived ENDF/B distribution approaches the Hauser-Feshbach distribution.

Figure 4
Comparison of L=1 moments for reconstructed Zirconium isotopes

I compared scattering angular distributions from ENDF/B files against distributions 
reconstructed from resonance parameters for 426 different isotopes. The plots 
showed compared angular distributions in terms of Legendre coefficients 
(moments) [9] L = 1 to L = 6 as a function of the incident energy of the neutron (see 
Figure 2). To identify errors and compare Legendre moments, I also analyzed 
Legendre moments of order 1 between isotopes of the same element for each of the 
426 isotopes (see Figure 3). I developed Python scripts to automate the synthesis of 
all the reconstructed distributions and their plots onto an HTML web page. The 
HTML page displayed the plots of each element and evaluated isotopes on a single 
page (see Figure 4). We reviewed the generated plots and decided 90Zr was a optimal 
candidate for the function difference test between smoothed and Hauser-Feshbach 
theory angular distributions. I reconstructed angular distributions for 90Zr at 
different energy bins, and we applied the Legendre transformation to map 
Legendre moments to familiar x-y coordinate pairs to plot. I computed summations 
of the differences at different levels of smoothing and recorded their values.

Function difference:FIG. 3. Comparison of L = 1 moments for all stable Zir-
conium isotopes, reconstructed from the resolved resonance
parameters. In all cases, the resonances were given in the
Multi-Level Breit-Wigner approximation.

Interestingly, if one were to smooth the R-matrix cross
section over an energy interval �E using

hfi =
�E
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For the energy averaged elastic cross section, we have
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Here Uab is the scattering matrix, defined in terms of the
R-matrix. The shape elastic cross section is defined as

�se
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cgc|1� Ucc|2 (6)

and the compound elastic cross section is defined as

�ce
cc(E) = ⇡�2

cgc(|Ucc|2 � |Ucc|2). (7)

So, if one took the full R-matrix cross section and aver-
aged it over an appropriate energy interval, one should
be able to recover the compound nuclear (a.k.a. Hauser-
Feshbach) cross section. This same argument should also
apply to the scattering angular distributions.

To test this assertion, we exampled the full R-matrix
L = 1 component of the 90Zr scattering angular distri-
bution. We then successively smoothed the L = 1 com-
ponent with larger energy intervals �E, using FUDGE’s
grouping algorithm [13]. As a figure of merit, we defined
the di↵erence between the Hauser-Feshbach L = 1 mo-
ment and the smoothed R-matrix moment as

FOM =
1

�E

Z E+�E/2

E��E/2

��aHF
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L=1

��2 dE (8)
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on the cross-section, σ, and a differential cross section as a function of solid angle 
Ω [4]. These calculations have been thoroughly studied by Noguerre et al. [7], and 
Kawano and Brown [8]. Knowing these values for particular isotopes is of critical 
importance of the design of nuclear systems (reactors, radiation detectors, 
weapons). A powerful core made of uranium and/or plutonium generates an 
immense amount of energy, which allows neutrons to travel all over the system. 
Layers of elements surround the core in an effort to contain and scatter the 
neutrons produced from the reaction, yet neutrons will escape the system 
regardless of the layer material (see Figure 1). The ENDF/B library, managed by 
BNL’s National Nuclear Data Center, offers the data necessary to account for and 
model the neutron leakage, ensuring safe operation of nuclear systems [3]. 
Currently in beta testing, the anticipated ENDF/B VIII.0 will be the United States’ 
leading source of nuclear data. In this project, I plotted angular distributions and 
cross sections of scattered neutrons from the ENDF/B library against the incident 
energies of the neutron using a plotting package built into FUDGE, a processing 
code developed by Lawrence Livermore National Laboratory [1]. Angular 
distributions contained resonance structure that manifests as fluctuations of angle 
and energy in the distribution function (see Figure 2). FUDGE also reconstructed 
resonances in different energy levels, namely the resolved and unresolved 
resonance regions, using a combination of R-matrix theory and the Blatt-
Biedenharn formalism. The resulting distributions were smoothed in energy and 
compared to results from Hauser-Feshbach calculations already present in the 
ENDF/B files. Because the resonance parameters in the files were based on 
experiment, the experimental smoothed distributions should have matched the 
Hauser-Feshbach smoothed distribution. We aimed to test this assertion and 
provide other isotope-based checks on ENDF/B angular distributions.
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controlling this chain reaction. The role of fission in liberating neutrons from 
nuclei is well known. The fact that neutrons can scatter out of a reactor and 
therefore be lost is less well appreciated. Scattering can happen within fissile fuel 
or off of any number of the non-fissile structural components holding a reactor 
together. The scattering angular distributions for reactor material are the 
quantity that give the probability for a particle (usually a neutron) to scatter off a 
nucleus into a given angle. The Evaluated Nuclear Data File/B (ENDF/B) nuclear 
data library is the most complete and authoritative reference for neutron 
scattering data, containing reaction cross sections and outgoing particle 
distributions (including scattering angular distributions). In this project, we will 
compare the scattering angular distributions given in these ENDF/B data sets 
with those that can be derived using the Blatt-Biedenharn formalism and the 
resolved resonance data also in the ENDF/B files. More comparisons between the 
scattering angular distributions of relevant isotopes will help identify and correct 
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Results
With the plots of all evaluated elements, we were able to identify isotopes as a test case 
to compute the function difference between the Hauser-Feshbach smoothing and the 
experimental angular distribution. 90Zr proved to be an excellent case for demonstrating 
the impact of smoothing the distribution at different energy resolutions (see Figure 5). 
We prepared reconstructed resonances of 90Zr at different energy resolutions and 
compared them against those of the original ENDF/B files. I computed the function 
differences between the two distributions using the equation in Figure 5. From the 
graph, the differences followed a decreasing trend, showing that the two angular 
distributions were approaching 0, or near equal values as the energy of the system 
increased. This result further validated the Hauser-Feshbach theory for smoothed 
angular distributions from experimental data. Additionally, because of the organized 
plots, we discovered inconsistencies in the ENDF/B files. For example, the angular 
distributions for Beryllium were formatted incorrectly, and duplicate Legendre 
coefficients were repeated in each isotope in Silicon and Chromium.
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I compared scattering angular distributions from ENDF/B files against distributions 
reconstructed from resonance parameters for 426 different isotopes. The plots 
showed compared angular distributions in terms of Legendre coefficients 
(moments) [9] L = 1 to L = 6 as a function of the incident energy of the neutron (see 
Figure 2). To identify errors and compare Legendre moments, I also analyzed 
Legendre moments of order 1 between isotopes of the same element for each of the 
426 isotopes (see Figure 3). I developed Python scripts to automate the synthesis of 
all the reconstructed distributions and their plots onto an HTML web page. The 
HTML page displayed the plots of each element and evaluated isotopes on a single 
page (see Figure 4). We reviewed the generated plots and decided 90Zr was a optimal 
candidate for the function difference test between smoothed and Hauser-Feshbach 
theory angular distributions. I reconstructed angular distributions for 90Zr at 
different energy bins, and we applied the Legendre transformation to map 
Legendre moments to familiar x-y coordinate pairs to plot. I computed summations 
of the differences at different levels of smoothing and recorded their values.
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FIG. 2. Comparison of L = 1 moments for all stable Zirco-
nium isotopes, as found in the ENDF files. These distributions
are computed from a reaction model (CCONE [7]) as noted
in each evaluation’s documentation.

where PL(µ) is the Lth Legendre polynomial. As
PL=0(µ) = 1/2, aL=0 = 1 ensures the proper normal-
ization of P (µ|E). In the ENDF files, the angular distri-
butions are usually stored directly as these Legendre mo-
ments aL(E). Occasionally the angular distributions are
given as tables of {E, µ, P (µ|E)} triplets. In this case,
we must invert Eq. (3) to obtain aL(E). This is most
common in the evaluations for light isotopes. A typical
example of the angular distributions we find in the ENDF
files are shown in Fig. 2.

R-matrix theory provides the complete and exact de-
scription of cross sections and angular distributions for
two-body reactions (such as elastic scattering) [8], pro-
vided one has the appropriate resonance parameters. In
practice, these parameters are computable only in a few
special cases from the underlying nuclear force models
and therefore must be determined empirically by fitting
experimental data. The fitted resonance parameters are
stored in an ENDF file’s MF=2, MT=151 file using one
of four di↵erent formats, roughly corresponding to well
known approximations of R-matrix theory as described
in Refs. [4, 9]. The scattering angular distributions
can be computed from these parameters using the Blatt-
Beidenharn formalism [10, 11]. We comment that the
ENDF format manual currently states that [4] only some
formats can be safely used to compute scattering angular
distributions, but as pointed out in Ref. [12], every ap-
proximation used in ENDF other than the Single Level
Breit-Wigner approximation supports the calculation of
angular distributions. Figure 3 shows a typical case of
reconstructed angular distributions, reconstructed using
the FUDGE processing code [13].

III. EFFECTS OF ENERGY AVERAGING

As noted above, R-matrix provides a complete theory
of two-body reactions from which all observables (cross
sections, scattering angular distributions, etc.) may be
computed, provided one has the resonance parameters.
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distributions contained resonance structure that manifests as fluctuations of angle 
and energy in the distribution function (see Figure 2). FUDGE also reconstructed 
resonances in different energy levels, namely the resolved and unresolved 
resonance regions, using a combination of R-matrix theory and the Blatt-
Biedenharn formalism. The resulting distributions were smoothed in energy and 
compared to results from Hauser-Feshbach calculations already present in the 
ENDF/B files. Because the resonance parameters in the files were based on 
experiment, the experimental smoothed distributions should have matched the 
Hauser-Feshbach smoothed distribution. We aimed to test this assertion and 
provide other isotope-based checks on ENDF/B angular distributions.
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Nuclear reactors function by controlling the chain reaction of fission events in a 
fissile material. Understanding the gain and loss of neutrons is crucial for 
controlling this chain reaction. The role of fission in liberating neutrons from 
nuclei is well known. The fact that neutrons can scatter out of a reactor and 
therefore be lost is less well appreciated. Scattering can happen within fissile fuel 
or off of any number of the non-fissile structural components holding a reactor 
together. The scattering angular distributions for reactor material are the 
quantity that give the probability for a particle (usually a neutron) to scatter off a 
nucleus into a given angle. The Evaluated Nuclear Data File/B (ENDF/B) nuclear 
data library is the most complete and authoritative reference for neutron 
scattering data, containing reaction cross sections and outgoing particle 
distributions (including scattering angular distributions). In this project, we will 
compare the scattering angular distributions given in these ENDF/B data sets 
with those that can be derived using the Blatt-Biedenharn formalism and the 
resolved resonance data also in the ENDF/B files. More comparisons between the 
scattering angular distributions of relevant isotopes will help identify and correct 
any errors in the ENDF/B files. The results of this study will be an important 
component of the next major release of the ENDF/B library. 
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Figure 3
Comparison of L=1 moments for ENDF/B Zirconium isotopes

Figure 1
Scattering neutrons in a critical assembly (low-

power nuclear system) represented as arrows 
originating from the PU-MET-FAST-040 core [5]

Figure 2
Reconstructed angular distribution vs. original angular 

distribution in the ENDF/B File for 90Zr

Results
With the plots of all evaluated elements, we were able to identify isotopes as a test case 
to compute the function difference between the Hauser-Feshbach smoothing and the 
experimental angular distribution. 90Zr proved to be an excellent case for demonstrating 
the impact of smoothing the distribution at different energy resolutions (see Figure 5). 
We prepared reconstructed resonances of 90Zr at different energy resolutions and 
compared them against those of the original ENDF/B files. I computed the function 
differences between the two distributions using the equation in Figure 5. From the 
graph, the differences followed a decreasing trend, showing that the two angular 
distributions were approaching 0, or near equal values as the energy of the system 
increased. This result further validated the Hauser-Feshbach theory for smoothed 
angular distributions from experimental data. Additionally, because of the organized 
plots, we discovered inconsistencies in the ENDF/B files. For example, the angular 
distributions for Beryllium were formatted incorrectly, and duplicate Legendre 
coefficients were repeated in each isotope in Silicon and Chromium.

Figure 5
The function difference between Hauser-Feshbach and ENDF/B angular 

distribution smoothing. The decreasing trend demonstrated that the experimental 
derived ENDF/B distribution approaches the Hauser-Feshbach distribution.

Figure 4
Comparison of L=1 moments for reconstructed Zirconium isotopes

I compared scattering angular distributions from ENDF/B files against distributions 
reconstructed from resonance parameters for 426 different isotopes. The plots 
showed compared angular distributions in terms of Legendre coefficients 
(moments) [9] L = 1 to L = 6 as a function of the incident energy of the neutron (see 
Figure 2). To identify errors and compare Legendre moments, I also analyzed 
Legendre moments of order 1 between isotopes of the same element for each of the 
426 isotopes (see Figure 3). I developed Python scripts to automate the synthesis of 
all the reconstructed distributions and their plots onto an HTML web page. The 
HTML page displayed the plots of each element and evaluated isotopes on a single 
page (see Figure 4). We reviewed the generated plots and decided 90Zr was a optimal 
candidate for the function difference test between smoothed and Hauser-Feshbach 
theory angular distributions. I reconstructed angular distributions for 90Zr at 
different energy bins, and we applied the Legendre transformation to map 
Legendre moments to familiar x-y coordinate pairs to plot. I computed summations 
of the differences at different levels of smoothing and recorded their values.

Function difference:FIG. 3. Comparison of L = 1 moments for all stable Zir-
conium isotopes, reconstructed from the resolved resonance
parameters. In all cases, the resonances were given in the
Multi-Level Breit-Wigner approximation.

Interestingly, if one were to smooth the R-matrix cross
section over an energy interval �E using

hfi =
�E

⇡

Z
dE0 f(E0)

(E � E0)2 + (�E)2
(4)

= f(E + i�E). (5)

we would find that the compound nuclear cross section.
For the energy averaged elastic cross section, we have

�cc = ⇡�2
cgc|1� Ucc|2

= ⇡�2
cgc

⇣
1� 2<Ucc + |Ucc|2

⌘

= ⇡�2
cgc

⇣
|1� Ucc|2 + (|Ucc|2 � |Ucc|2)

⌘

⌘ �se
cc + �ce

cc

Here Uab is the scattering matrix, defined in terms of the
R-matrix. The shape elastic cross section is defined as

�se
cc(E) =⇡�2

cgc|1� Ucc|2 (6)

and the compound elastic cross section is defined as

�ce
cc(E) = ⇡�2

cgc(|Ucc|2 � |Ucc|2). (7)

So, if one took the full R-matrix cross section and aver-
aged it over an appropriate energy interval, one should
be able to recover the compound nuclear (a.k.a. Hauser-
Feshbach) cross section. This same argument should also
apply to the scattering angular distributions.

To test this assertion, we exampled the full R-matrix
L = 1 component of the 90Zr scattering angular distri-
bution. We then successively smoothed the L = 1 com-
ponent with larger energy intervals �E, using FUDGE’s
grouping algorithm [13]. As a figure of merit, we defined
the di↵erence between the Hauser-Feshbach L = 1 mo-
ment and the smoothed R-matrix moment as

FOM =
1

�E

Z E+�E/2

E��E/2

��aHF
L=1 � aNE

L=1

��2 dE (8)
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IntroductionAbstract
Elastic neutron scattering is one of many possibilities when a neutron collides 
with an isotope. The reaction cross-section is the target area that the neutron 
experiences upon collision of a target. Upon impact, the neutron will conserve its 
energy, and it has the potential to be scattered in any possible direction. At a given 
angle, the probability of scattering can be defined as the scattering angular 
distribution, represented as ! " #) in the equation: %&%' = &

)*	!("|#). It depends 
on the cross-section, σ, and a differential cross section as a function of solid angle 
Ω [4]. These calculations have been thoroughly studied by Noguerre et al. [7], and 
Kawano and Brown [8]. Knowing these values for particular isotopes is of critical 
importance of the design of nuclear systems (reactors, radiation detectors, 
weapons). A powerful core made of uranium and/or plutonium generates an 
immense amount of energy, which allows neutrons to travel all over the system. 
Layers of elements surround the core in an effort to contain and scatter the 
neutrons produced from the reaction, yet neutrons will escape the system 
regardless of the layer material (see Figure 1). The ENDF/B library, managed by 
BNL’s National Nuclear Data Center, offers the data necessary to account for and 
model the neutron leakage, ensuring safe operation of nuclear systems [3]. 
Currently in beta testing, the anticipated ENDF/B VIII.0 will be the United States’ 
leading source of nuclear data. In this project, I plotted angular distributions and 
cross sections of scattered neutrons from the ENDF/B library against the incident 
energies of the neutron using a plotting package built into FUDGE, a processing 
code developed by Lawrence Livermore National Laboratory [1]. Angular 
distributions contained resonance structure that manifests as fluctuations of angle 
and energy in the distribution function (see Figure 2). FUDGE also reconstructed 
resonances in different energy levels, namely the resolved and unresolved 
resonance regions, using a combination of R-matrix theory and the Blatt-
Biedenharn formalism. The resulting distributions were smoothed in energy and 
compared to results from Hauser-Feshbach calculations already present in the 
ENDF/B files. Because the resonance parameters in the files were based on 
experiment, the experimental smoothed distributions should have matched the 
Hauser-Feshbach smoothed distribution. We aimed to test this assertion and 
provide other isotope-based checks on ENDF/B angular distributions.
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Nuclear reactors function by controlling the chain reaction of fission events in a 
fissile material. Understanding the gain and loss of neutrons is crucial for 
controlling this chain reaction. The role of fission in liberating neutrons from 
nuclei is well known. The fact that neutrons can scatter out of a reactor and 
therefore be lost is less well appreciated. Scattering can happen within fissile fuel 
or off of any number of the non-fissile structural components holding a reactor 
together. The scattering angular distributions for reactor material are the 
quantity that give the probability for a particle (usually a neutron) to scatter off a 
nucleus into a given angle. The Evaluated Nuclear Data File/B (ENDF/B) nuclear 
data library is the most complete and authoritative reference for neutron 
scattering data, containing reaction cross sections and outgoing particle 
distributions (including scattering angular distributions). In this project, we will 
compare the scattering angular distributions given in these ENDF/B data sets 
with those that can be derived using the Blatt-Biedenharn formalism and the 
resolved resonance data also in the ENDF/B files. More comparisons between the 
scattering angular distributions of relevant isotopes will help identify and correct 
any errors in the ENDF/B files. The results of this study will be an important 
component of the next major release of the ENDF/B library. 
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Figure 3
Comparison of L=1 moments for ENDF/B Zirconium isotopes

Figure 1
Scattering neutrons in a critical assembly (low-

power nuclear system) represented as arrows 
originating from the PU-MET-FAST-040 core [5]

Figure 2
Reconstructed angular distribution vs. original angular 

distribution in the ENDF/B File for 90Zr

Results
With the plots of all evaluated elements, we were able to identify isotopes as a test case 
to compute the function difference between the Hauser-Feshbach smoothing and the 
experimental angular distribution. 90Zr proved to be an excellent case for demonstrating 
the impact of smoothing the distribution at different energy resolutions (see Figure 5). 
We prepared reconstructed resonances of 90Zr at different energy resolutions and 
compared them against those of the original ENDF/B files. I computed the function 
differences between the two distributions using the equation in Figure 5. From the 
graph, the differences followed a decreasing trend, showing that the two angular 
distributions were approaching 0, or near equal values as the energy of the system 
increased. This result further validated the Hauser-Feshbach theory for smoothed 
angular distributions from experimental data. Additionally, because of the organized 
plots, we discovered inconsistencies in the ENDF/B files. For example, the angular 
distributions for Beryllium were formatted incorrectly, and duplicate Legendre 
coefficients were repeated in each isotope in Silicon and Chromium.

Figure 5
The function difference between Hauser-Feshbach and ENDF/B angular 

distribution smoothing. The decreasing trend demonstrated that the experimental 
derived ENDF/B distribution approaches the Hauser-Feshbach distribution.

Figure 4
Comparison of L=1 moments for reconstructed Zirconium isotopes

I compared scattering angular distributions from ENDF/B files against distributions 
reconstructed from resonance parameters for 426 different isotopes. The plots 
showed compared angular distributions in terms of Legendre coefficients 
(moments) [9] L = 1 to L = 6 as a function of the incident energy of the neutron (see 
Figure 2). To identify errors and compare Legendre moments, I also analyzed 
Legendre moments of order 1 between isotopes of the same element for each of the 
426 isotopes (see Figure 3). I developed Python scripts to automate the synthesis of 
all the reconstructed distributions and their plots onto an HTML web page. The 
HTML page displayed the plots of each element and evaluated isotopes on a single 
page (see Figure 4). We reviewed the generated plots and decided 90Zr was a optimal 
candidate for the function difference test between smoothed and Hauser-Feshbach 
theory angular distributions. I reconstructed angular distributions for 90Zr at 
different energy bins, and we applied the Legendre transformation to map 
Legendre moments to familiar x-y coordinate pairs to plot. I computed summations 
of the differences at different levels of smoothing and recorded their values.

Function difference:

FIG. 4. The function di↵erence between Hauser-Feshbach
and ENDF/B angular distribution smoothing. The decreasing
function di↵erence demonstrates that the R-matrix ENDF/B
distribution approaches the Hauser-Feshbach distribution.

In Figure 4 we show this figure of merit (FOM) as a func-
tion of smoothing energy scale. It is clear that the dis-
tributions are converging as the smoothing energy scale
increases.

This figure of merit provides a tool to demonstrate the
transition from the full R-matrix theory to the smoothed
(and calculable) Hauser-Feshbach theory. In the future,
we think this scheme might provide an alternative check
on the internal consistency of the ENDF files.

IV. DISCUSSION OF DISTRIBUTIONS

As part of this project, we examined every nucleus
in which FUDGE [13] was able to reconstruct scatter-
ing angular distributions directly from the resonance pa-
rameters. In all, we processed 426 di↵erent isotopes in
ENDF/B-VIII.0�4. We failed to process the angular dis-
tributions for Beryllium, as they were formatted incor-
rectly, and some light isotopes which had no resonances
given.

For each element we generated a comparison of the
L = 1 moment, as given in the ENDF file, of every stable
isotope of an element. This would allow use to identify
potential trends with A. Additionally, for each isotope
we could process, we generated the following plots:

• a plot of the elastic cross section, so that we can
identify where the resolved resonance region begins
and ends

• a series of six plots for the L = 1�6 moments, com-
paring the original, likely smoothed, angular distri-
bution to the full R-matrix angular distribution

All of the plots are given at the end of this document.

Some notable cases

1�2H: No data was given from which we could create
Legendre moment data.

He,Li: Light ion distributions are fairly structureless.

7Be: Likely this is a bug in the Legendre moment fitting
routine being triggered by an as yet unidentified
anomaly in the data.

C: Code confused by presence of natural carbon evalua-
tion which has since been removed as it is obsolete

17O: The lowest mass nucleus in which the smooth angu-
lar distribution can be compared to the R-matrix
distribution

Si: The angular distributions of all Si isotopes are iden-
tical in the ENDF files. The original ENDF/B-V
evaluation set them all equal to the natural Si an-
gular distribution. This is a reasonable approxima-
tion if the distribution is smooth since the energy
averaged angular distribution have a weakened A
dependence. If there is resonance structure (as in
this case), this approximation is nonsensical.

31P: Obvious error, requires investigation

Cr: The angular distributions of all Cr isotopes are iden-
tical in the ENDF files. The original ENDF/B-V
evaluation set them all equal to the natural Cr an-
gular distribution. This is a reasonable approxima-
tion if the distribution is smooth since the energy
averaged angular distribution have a weakened A
dependence. If there is resonance structure (as in
this case), this approximation is nonsensical.

Cu: The angular distributions in the ENDF file were pro-
duced at ORNL by first reconstructing the distribu-
tions using SAMMY and then smoothing the dis-
tributions. The excellent agreement between the
ENDF file and the reconstructed distribution us-
ing FUDGE validates both codes’ implementation
of the Blatt-Beidenharn formalism.

Zr: Near closed shell, resonances extend to high energy.
Here is good agreement between two angular distri-
butions indicating that our modeling of the smooth
angular distributions is good near a close shell.

Ne, Pt, Po: Not present in this library release, but
present in later releases

101Ru, 105Pd, 109Ag, 108,110,116Cd, 131Xe, 133Cs, 141Pr:
L = 1 moment has bad interpolation table in ENDF
file, as E ! 0, this moment should approach zero

Rare earths: Away from closed shell, so level density
high and fluctuations die away at relatively low en-
ergy

9

Scattering Angular Distributions . . . D.A. Brown et al.

References
[1] C.M. Mattoon, B.R. Beck, N.R. Patel, N.C. Summers, G.W. Hedstrom, D.A. Brown, "Generalized Nuclear Data: A New Structure (with Supporting Infrastructure) for Handling 
Nuclear Data", Nuclear Data Sheets, Volume 113, Issue 12, December 2012, Pages 3145-3171, ISSN 0090-3752, http://dx.doi.org/10. 1016/j.nds.2012.11.008

[2] Cross Section Evaluation Working Group, “ENDF-6, Formats Manual, Data Formats and Procedures for the Evaluated Nuclear Data File ENDF/B-VI and ENDF/B-VII”, BNL-
90365-2009, Brookhaven National Laboratory, edited by M.W. Herman and A. Trkov (June 2009), revised by M.W. Herman, A. Trkov and D.A. Brown (Dec. 2011).

[3] ENDF/B-VIII.0 Library (in preparation)

[4] G. R. Satchler, Introduction to nuclear reactions. New York: Wiley, 1980. Print.

[5] International Handbook of Evaluated Criticality Safety Benchmark Experiments, NEA/NSC/DOC(95)03/I-VII, OECD-NEA, September, 2003. 

[6] J. D. Hunter. Matplotlib: A 2D Graphics Environment, Computing in Science & Engineering, 9, 90-95 (2007), DOI:10.1109/MCSE.2007.55

[7] G. Noguerre, C. Jouanne, O. Leray, P. Archier, and C. Vaglio-Gaudard. "Elastic Scattering Angular Distributions In The Fast Energy Range." WPEC. France, Issy-les-
Moulineaux. 22 May 2013. OECD-NEA. Web. 14 Aug. 2017.

[8] T. Kawano & D A. Brown (2014) Neutron elastic scattering angular distribution in the resolved and unresolved resonance regions, Journal of Nuclear Science and Technology, 
DOI: 10.1080/00223131.2014.945977

[9] NIST Digital Library of Mathematical Functions. http://dlmf.nist.gov/, Release 1.0.15 of 2017-06-01. F. W. J. Olver, A. B. Olde Daalhuis, D. W. Lozier, B. I. Schneider, R. F. Boisvert, 
C. W. Clark, B. R. Miller, and B. V. Saunders, eds.

Scattering Angular Distributions in the 
ENDF/B Nuclear Data Library

IntroductionAbstract
Elastic neutron scattering is one of many possibilities when a neutron collides 
with an isotope. The reaction cross-section is the target area that the neutron 
experiences upon collision of a target. Upon impact, the neutron will conserve its 
energy, and it has the potential to be scattered in any possible direction. At a given 
angle, the probability of scattering can be defined as the scattering angular 
distribution, represented as ! " #) in the equation: %&%' = &

)*	!("|#). It depends 
on the cross-section, σ, and a differential cross section as a function of solid angle 
Ω [4]. These calculations have been thoroughly studied by Noguerre et al. [7], and 
Kawano and Brown [8]. Knowing these values for particular isotopes is of critical 
importance of the design of nuclear systems (reactors, radiation detectors, 
weapons). A powerful core made of uranium and/or plutonium generates an 
immense amount of energy, which allows neutrons to travel all over the system. 
Layers of elements surround the core in an effort to contain and scatter the 
neutrons produced from the reaction, yet neutrons will escape the system 
regardless of the layer material (see Figure 1). The ENDF/B library, managed by 
BNL’s National Nuclear Data Center, offers the data necessary to account for and 
model the neutron leakage, ensuring safe operation of nuclear systems [3]. 
Currently in beta testing, the anticipated ENDF/B VIII.0 will be the United States’ 
leading source of nuclear data. In this project, I plotted angular distributions and 
cross sections of scattered neutrons from the ENDF/B library against the incident 
energies of the neutron using a plotting package built into FUDGE, a processing 
code developed by Lawrence Livermore National Laboratory [1]. Angular 
distributions contained resonance structure that manifests as fluctuations of angle 
and energy in the distribution function (see Figure 2). FUDGE also reconstructed 
resonances in different energy levels, namely the resolved and unresolved 
resonance regions, using a combination of R-matrix theory and the Blatt-
Biedenharn formalism. The resulting distributions were smoothed in energy and 
compared to results from Hauser-Feshbach calculations already present in the 
ENDF/B files. Because the resonance parameters in the files were based on 
experiment, the experimental smoothed distributions should have matched the 
Hauser-Feshbach smoothed distribution. We aimed to test this assertion and 
provide other isotope-based checks on ENDF/B angular distributions.
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Nuclear reactors function by controlling the chain reaction of fission events in a 
fissile material. Understanding the gain and loss of neutrons is crucial for 
controlling this chain reaction. The role of fission in liberating neutrons from 
nuclei is well known. The fact that neutrons can scatter out of a reactor and 
therefore be lost is less well appreciated. Scattering can happen within fissile fuel 
or off of any number of the non-fissile structural components holding a reactor 
together. The scattering angular distributions for reactor material are the 
quantity that give the probability for a particle (usually a neutron) to scatter off a 
nucleus into a given angle. The Evaluated Nuclear Data File/B (ENDF/B) nuclear 
data library is the most complete and authoritative reference for neutron 
scattering data, containing reaction cross sections and outgoing particle 
distributions (including scattering angular distributions). In this project, we will 
compare the scattering angular distributions given in these ENDF/B data sets 
with those that can be derived using the Blatt-Biedenharn formalism and the 
resolved resonance data also in the ENDF/B files. More comparisons between the 
scattering angular distributions of relevant isotopes will help identify and correct 
any errors in the ENDF/B files. The results of this study will be an important 
component of the next major release of the ENDF/B library. 
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Scattering neutrons in a critical assembly (low-

power nuclear system) represented as arrows 
originating from the PU-MET-FAST-040 core [5]
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Results
With the plots of all evaluated elements, we were able to identify isotopes as a test case 
to compute the function difference between the Hauser-Feshbach smoothing and the 
experimental angular distribution. 90Zr proved to be an excellent case for demonstrating 
the impact of smoothing the distribution at different energy resolutions (see Figure 5). 
We prepared reconstructed resonances of 90Zr at different energy resolutions and 
compared them against those of the original ENDF/B files. I computed the function 
differences between the two distributions using the equation in Figure 5. From the 
graph, the differences followed a decreasing trend, showing that the two angular 
distributions were approaching 0, or near equal values as the energy of the system 
increased. This result further validated the Hauser-Feshbach theory for smoothed 
angular distributions from experimental data. Additionally, because of the organized 
plots, we discovered inconsistencies in the ENDF/B files. For example, the angular 
distributions for Beryllium were formatted incorrectly, and duplicate Legendre 
coefficients were repeated in each isotope in Silicon and Chromium.
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The function difference between Hauser-Feshbach and ENDF/B angular 

distribution smoothing. The decreasing trend demonstrated that the experimental 
derived ENDF/B distribution approaches the Hauser-Feshbach distribution.

Figure 4
Comparison of L=1 moments for reconstructed Zirconium isotopes

I compared scattering angular distributions from ENDF/B files against distributions 
reconstructed from resonance parameters for 426 different isotopes. The plots 
showed compared angular distributions in terms of Legendre coefficients 
(moments) [9] L = 1 to L = 6 as a function of the incident energy of the neutron (see 
Figure 2). To identify errors and compare Legendre moments, I also analyzed 
Legendre moments of order 1 between isotopes of the same element for each of the 
426 isotopes (see Figure 3). I developed Python scripts to automate the synthesis of 
all the reconstructed distributions and their plots onto an HTML web page. The 
HTML page displayed the plots of each element and evaluated isotopes on a single 
page (see Figure 4). We reviewed the generated plots and decided 90Zr was a optimal 
candidate for the function difference test between smoothed and Hauser-Feshbach 
theory angular distributions. I reconstructed angular distributions for 90Zr at 
different energy bins, and we applied the Legendre transformation to map 
Legendre moments to familiar x-y coordinate pairs to plot. I computed summations 
of the differences at different levels of smoothing and recorded their values.

Function difference:

FIG. 2. Comparison of L = 1 moments for all stable Zirco-
nium isotopes, as found in the ENDF files. These distributions
are computed from a reaction model (CCONE [7]) as noted
in each evaluation’s documentation.

where PL(µ) is the Lth Legendre polynomial. As
PL=0(µ) = 1/2, aL=0 = 1 ensures the proper normal-
ization of P (µ|E). In the ENDF files, the angular distri-
butions are usually stored directly as these Legendre mo-
ments aL(E). Occasionally the angular distributions are
given as tables of {E, µ, P (µ|E)} triplets. In this case,
we must invert Eq. (3) to obtain aL(E). This is most
common in the evaluations for light isotopes. A typical
example of the angular distributions we find in the ENDF
files are shown in Fig. 2.

R-matrix theory provides the complete and exact de-
scription of cross sections and angular distributions for
two-body reactions (such as elastic scattering) [8], pro-
vided one has the appropriate resonance parameters. In
practice, these parameters are computable only in a few
special cases from the underlying nuclear force models
and therefore must be determined empirically by fitting
experimental data. The fitted resonance parameters are
stored in an ENDF file’s MF=2, MT=151 file using one
of four di↵erent formats, roughly corresponding to well
known approximations of R-matrix theory as described
in Refs. [4, 9]. The scattering angular distributions
can be computed from these parameters using the Blatt-
Beidenharn formalism [10, 11]. We comment that the
ENDF format manual currently states that [4] only some
formats can be safely used to compute scattering angular
distributions, but as pointed out in Ref. [12], every ap-
proximation used in ENDF other than the Single Level
Breit-Wigner approximation supports the calculation of
angular distributions. Figure 3 shows a typical case of
reconstructed angular distributions, reconstructed using
the FUDGE processing code [13].

III. EFFECTS OF ENERGY AVERAGING

As noted above, R-matrix provides a complete theory
of two-body reactions from which all observables (cross
sections, scattering angular distributions, etc.) may be
computed, provided one has the resonance parameters.
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IntroductionAbstract
Elastic neutron scattering is one of many possibilities when a neutron collides 
with an isotope. The reaction cross-section is the target area that the neutron 
experiences upon collision of a target. Upon impact, the neutron will conserve its 
energy, and it has the potential to be scattered in any possible direction. At a given 
angle, the probability of scattering can be defined as the scattering angular 
distribution, represented as ! " #) in the equation: %&%' = &

)*	!("|#). It depends 
on the cross-section, σ, and a differential cross section as a function of solid angle 
Ω [4]. These calculations have been thoroughly studied by Noguerre et al. [7], and 
Kawano and Brown [8]. Knowing these values for particular isotopes is of critical 
importance of the design of nuclear systems (reactors, radiation detectors, 
weapons). A powerful core made of uranium and/or plutonium generates an 
immense amount of energy, which allows neutrons to travel all over the system. 
Layers of elements surround the core in an effort to contain and scatter the 
neutrons produced from the reaction, yet neutrons will escape the system 
regardless of the layer material (see Figure 1). The ENDF/B library, managed by 
BNL’s National Nuclear Data Center, offers the data necessary to account for and 
model the neutron leakage, ensuring safe operation of nuclear systems [3]. 
Currently in beta testing, the anticipated ENDF/B VIII.0 will be the United States’ 
leading source of nuclear data. In this project, I plotted angular distributions and 
cross sections of scattered neutrons from the ENDF/B library against the incident 
energies of the neutron using a plotting package built into FUDGE, a processing 
code developed by Lawrence Livermore National Laboratory [1]. Angular 
distributions contained resonance structure that manifests as fluctuations of angle 
and energy in the distribution function (see Figure 2). FUDGE also reconstructed 
resonances in different energy levels, namely the resolved and unresolved 
resonance regions, using a combination of R-matrix theory and the Blatt-
Biedenharn formalism. The resulting distributions were smoothed in energy and 
compared to results from Hauser-Feshbach calculations already present in the 
ENDF/B files. Because the resonance parameters in the files were based on 
experiment, the experimental smoothed distributions should have matched the 
Hauser-Feshbach smoothed distribution. We aimed to test this assertion and 
provide other isotope-based checks on ENDF/B angular distributions.

Justin Vega, HSRP, The Wheatley School 
David Brown, National Nuclear Data Center at Brookhaven National Laboratory

Nuclear reactors function by controlling the chain reaction of fission events in a 
fissile material. Understanding the gain and loss of neutrons is crucial for 
controlling this chain reaction. The role of fission in liberating neutrons from 
nuclei is well known. The fact that neutrons can scatter out of a reactor and 
therefore be lost is less well appreciated. Scattering can happen within fissile fuel 
or off of any number of the non-fissile structural components holding a reactor 
together. The scattering angular distributions for reactor material are the 
quantity that give the probability for a particle (usually a neutron) to scatter off a 
nucleus into a given angle. The Evaluated Nuclear Data File/B (ENDF/B) nuclear 
data library is the most complete and authoritative reference for neutron 
scattering data, containing reaction cross sections and outgoing particle 
distributions (including scattering angular distributions). In this project, we will 
compare the scattering angular distributions given in these ENDF/B data sets 
with those that can be derived using the Blatt-Biedenharn formalism and the 
resolved resonance data also in the ENDF/B files. More comparisons between the 
scattering angular distributions of relevant isotopes will help identify and correct 
any errors in the ENDF/B files. The results of this study will be an important 
component of the next major release of the ENDF/B library. 
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Methods

Figure 3
Comparison of L=1 moments for ENDF/B Zirconium isotopes

Figure 1
Scattering neutrons in a critical assembly (low-

power nuclear system) represented as arrows 
originating from the PU-MET-FAST-040 core [5]

Figure 2
Reconstructed angular distribution vs. original angular 

distribution in the ENDF/B File for 90Zr

Results
With the plots of all evaluated elements, we were able to identify isotopes as a test case 
to compute the function difference between the Hauser-Feshbach smoothing and the 
experimental angular distribution. 90Zr proved to be an excellent case for demonstrating 
the impact of smoothing the distribution at different energy resolutions (see Figure 5). 
We prepared reconstructed resonances of 90Zr at different energy resolutions and 
compared them against those of the original ENDF/B files. I computed the function 
differences between the two distributions using the equation in Figure 5. From the 
graph, the differences followed a decreasing trend, showing that the two angular 
distributions were approaching 0, or near equal values as the energy of the system 
increased. This result further validated the Hauser-Feshbach theory for smoothed 
angular distributions from experimental data. Additionally, because of the organized 
plots, we discovered inconsistencies in the ENDF/B files. For example, the angular 
distributions for Beryllium were formatted incorrectly, and duplicate Legendre 
coefficients were repeated in each isotope in Silicon and Chromium.

Figure 5
The function difference between Hauser-Feshbach and ENDF/B angular 

distribution smoothing. The decreasing trend demonstrated that the experimental 
derived ENDF/B distribution approaches the Hauser-Feshbach distribution.

Figure 4
Comparison of L=1 moments for reconstructed Zirconium isotopes

I compared scattering angular distributions from ENDF/B files against distributions 
reconstructed from resonance parameters for 426 different isotopes. The plots 
showed compared angular distributions in terms of Legendre coefficients 
(moments) [9] L = 1 to L = 6 as a function of the incident energy of the neutron (see 
Figure 2). To identify errors and compare Legendre moments, I also analyzed 
Legendre moments of order 1 between isotopes of the same element for each of the 
426 isotopes (see Figure 3). I developed Python scripts to automate the synthesis of 
all the reconstructed distributions and their plots onto an HTML web page. The 
HTML page displayed the plots of each element and evaluated isotopes on a single 
page (see Figure 4). We reviewed the generated plots and decided 90Zr was a optimal 
candidate for the function difference test between smoothed and Hauser-Feshbach 
theory angular distributions. I reconstructed angular distributions for 90Zr at 
different energy bins, and we applied the Legendre transformation to map 
Legendre moments to familiar x-y coordinate pairs to plot. I computed summations 
of the differences at different levels of smoothing and recorded their values.

Function difference:FIG. 3. Comparison of L = 1 moments for all stable Zir-
conium isotopes, reconstructed from the resolved resonance
parameters. In all cases, the resonances were given in the
Multi-Level Breit-Wigner approximation.

Interestingly, if one were to smooth the R-matrix cross
section over an energy interval �E using

hfi =
�E

⇡

Z
dE0 f(E0)

(E � E0)2 + (�E)2
(4)

= f(E + i�E). (5)

we would find that the compound nuclear cross section.
For the energy averaged elastic cross section, we have

�cc = ⇡�2
cgc|1� Ucc|2

= ⇡�2
cgc

⇣
1� 2<Ucc + |Ucc|2

⌘

= ⇡�2
cgc

⇣
|1� Ucc|2 + (|Ucc|2 � |Ucc|2)

⌘

⌘ �se
cc + �ce

cc

Here Uab is the scattering matrix, defined in terms of the
R-matrix. The shape elastic cross section is defined as

�se
cc(E) =⇡�2

cgc|1� Ucc|2 (6)

and the compound elastic cross section is defined as

�ce
cc(E) = ⇡�2

cgc(|Ucc|2 � |Ucc|2). (7)

So, if one took the full R-matrix cross section and aver-
aged it over an appropriate energy interval, one should
be able to recover the compound nuclear (a.k.a. Hauser-
Feshbach) cross section. This same argument should also
apply to the scattering angular distributions.

To test this assertion, we exampled the full R-matrix
L = 1 component of the 90Zr scattering angular distri-
bution. We then successively smoothed the L = 1 com-
ponent with larger energy intervals �E, using FUDGE’s
grouping algorithm [13]. As a figure of merit, we defined
the di↵erence between the Hauser-Feshbach L = 1 mo-
ment and the smoothed R-matrix moment as

FOM =
1

�E

Z E+�E/2

E��E/2

��aHF
L=1 � aNE

L=1

��2 dE (8)
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Issues encountered in full library 
scan (I will be adding trackers for 
each of these)



Anomaly in Si isotopes
§ All isotopes have same 

distribution, taken from 
ENDF/B-V natSi

§ Natural SAD built from isotopic 
SADs

§ If SAD is smooth, is OK to 
replace isotopic with natural 
SADs

§ THIS IS NOT THE CASE

Scattering Angular Distributions . . . D.A. Brown et al.

28Si

FIG. 56. The elastic scattering cross section for 28Si.

(a) L = 1 moment (b) L = 2 moment

(c) L = 3 moment (d) L = 4 moment

(e) L = 5 moment (f) L = 6 moment

FIG. 57. Comparison of Legendre moments in the original evaluation for 28Si (orange) and reconstructed from the resonance
region (blue).

45

28Si

29Si

30Si



31P looks odd, and it is our fault

§ Data given as pointwise & my Legendre fitter failed
§ Need to investigate further



Anomaly in Cr isotopes

§ Same issue as Si
§ May be part of problem with steel assemblies

50Cr

54Cr53Cr

52Cr



101Ru, 105Pd, 109Ag, 108,110,116Cd, 131Xe, 
133Cs, 141Pr 

§ Symmetry requires that, as E → 0, PL=0(μ) → 0 
§ Several isotopes violate this requirement



xTl, xPb, 209Bi 

§ Here agreement is poor
§ Near closed shell, fluctuations large, extend to high energy
§ May indicate problem with OMP’s involved
§ Requires further investigation

205Tl

209Bi

208Pb
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Nuclear reactors function by controlling the chain reaction of fission events in a fissile material.
Understanding the gain and loss of neutrons is crucial for controlling this chain reaction. The role of
fission in liberating neutrons from nuclei is well known. The fact that neutrons can scatter out of a
reactor and therefore be lost is less well appreciated. Scattering can happen within fissile fuel or o↵
of any number of the non-fissile structural components holding a reactor together. The scattering
angular distributions for reactor material are the quantity that give the probability for a particle
(usually a neutron) to scatter o↵ a nucleus into a given angle. The Evaluated Nuclear Data File/B
(ENDF/B) nuclear data library is the most complete and authoritative reference for neutron scatter-
ing data, containing reaction cross sections and outgoing particle distributions (including scattering
angular distributions). In this project, we will compare the scattering angular distributions given in
these ENDF/B data sets with those that can be derived using the Blatt-Biedenharn formalism and
the resolved resonance data also in the ENDF/B files. More comparisons between the scattering
angular distributions of relevant isotopes will help identify and correct any errors in the ENDF/B
files. The results of this study will be an important component of the next major release of the
ENDF/B library.
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